
kXk _Qr@2+?2HQM 7Q`Kb �M/ `2/m+2/ `Qr@2+?2HQM 7Q`KbX

yX �bbmK2/ #�+F;`QmM/X

Ç kXR avbi2Kb Q7 HBM2�` 2[m�iBQMbX

S`272``2/ iQ ?�p2 #22M T`2T�`2/ rBi?X

Ç RX8 GBM2�` +QK#BM�iBQMbX
Ç RXe GBM2�` /2T2M/2M+2 �M/ HBM2�` BM/2T2M/2M+2X

�#bi`�+iX q2 BMi`Q/m+2,ě

Ç i?2 MQiBQM Q7 `Qr@2+?2HQM 7Q`Kb- �M/ `�MF Q7 `Qr@2+?2HQM 7Q`Kb-
Ç i?2 MQiBQMb Q7 `2/m+2/ `Qr@2+?2HQM 7Q`Kb- H2�/BM; QM2b- TBpQi +QHmKMb �M/ 7`22 +QHmKMbX

RX .2}MBiBQMX U_Qr@2+?2HQM 7Q`KXV
G2i C #2 � (p× q)@K�i`BtX
q2 b�v i?�i C Bb � `Qr@2+?2HQM 7Q`K B7 �M/ QMHv B7 i?2 bi�i2K2Mib #2HQr ?QH/,

URV �HH `Qrb +QMbBbiBM; Q7 QMHv yǶb �`2 #2M2�i? i?2 MQM@x2`Q `Qrb Q7 CX
UkV AM 2�+? T�B` Q7 �/D�+2Mi MQM@x2`Q `Qrb- i?2 }`bi UQ` H27i@KQbiV MQM@x2`Q 2Mi`v BM i?2 `Qr �#Qp2 Bb �Hr�vb bi`B+iHv

iQ i?2 H27i Q7 i?�i BM i?2 `Qr #2HQrX
h?2 MmK#2` Q7 MQM@x2`Q `Qrb BM C Bb +�HH2/ i?2 `�MF Q7 i?2 `Qr@2+?2HQM 7Q`K CX
� +QHmKM Q7 C BM r?B+? i?2 }`bi UQ` H27i@KQbiV MQM@x2`Q 2Mi`v Q7 bQK2 MQM@x2`Q `Qr Bb HQ+�i2/ Bb +�HH2/ � TBpQi
+QHmKM Q7 CX
� +QHmKM Q7 C r?B+? Bb MQi � TBpQi +QHmKM Bb +�HH2/ � 7`22 +QHmKM Q7 CX
6m`i?2` +QMp2MiBQM �M/ i2`KBMQHQ;vX
AM bm+? � `Qr@2+?2HQM 7Q`K C rBi?- b�v- r MQM@x2`Q `Qrb U�M/ ?2M+2 r TBpQi +QHmKMbV,ě

Ç i?2 TBpQi +QHmKMb �`2 H�#2HH2/- 7`QK H27i iQ `B;?i- i?2 d1@i?- d2@i?- d3@i?- XXX dr@i? +QHmKMb- �M/
Ç i?2 7`22 +QHmKMb �`2 H�#2HH2/- 7`QK H27i iQ `B;?i- i?2 f1@i?- f2@i?- f3@i?- XXX- fq−r@i? +QHmKMbX

oBbm�HBx�iBQMX
AM bm+? � `Qr@2+?2HQM 7Q`K C- i?2 x2`Qb iQ i?2 H27i Q7 i?2 }`bi MQM@x2`Q 2Mi`B2b Q7 i?2 p�`BQmb MQM@x2`Q `Qrb 7Q`K
bQK2i?BM; HBF2 � ǵbi�B`+�b2Ƕ Q7 x2`Qb- �M/ i?2 }`bi MQM@x2`Q 2Mi`B2b 7Q`K bQK2i?BM; HBF2 bi2T@2/;2b Q7 i?Bb ǵbi�B`+�b2ǶX
�b i?2`2 �`2 r MQM@x2`Q `Qrb BM iQi�H- C `2�/b HBF2,ě





0 · · · 0 !1 " · · · " " " · · · " " " · · · " " " · · · "
0 · · · 0 0 0 · · · 0 !2 " · · · " " " · · · " " " · · · "
0 · · · 0 0 0 · · · 0 0 0 · · · 0 !3 " · · · " " " · · · "

0 · · · 0 0 0 · · · 0 0 0 · · · 0 0
X X X XXX

XXX
XXX

0 · · · 0 0 0 · · · 0 0 0 · · · 0 0 0 · · · 0 !r " · · · "
0 · · · 0 0 0 · · · 0 0 0 · · · 0 0 0 · · · 0 0 0 · · · 0





h?2 bvK#QH 0 bi�M/b 7Q` � +QHmKM Q7 x2`QbX
h?2 bvK#QHb !1, !2, !3, · · · , !r bi�M/ 7Q` i?2 `2bT2+iBp2 }`bi MQM@x2`Q 2Mi`v BM i?2 MQM@x2`Q `QrbX h?2 +QHmKMb BM r?B+?
i?2b2 2Mi`B2b �`2 HQ+�i2/ �`2 i?2 TBpQi +QHmKMb Q7 C, i?2v �`2 i?2 d1@i?- d2@i?- d3@i?- XXX dr@i? +QHmKMb `2bT2+iBp2HvX
_2K�`FX h?Bb p2`bBQM Q7 /2}MBiBQM Bb QM2 Q7 b2p2`�H UbHB;?iHvV /Bz2`2Mi U#mi 2[m�HHv `2�bQM�#H2V p2`bBQMb Q7
/2}MBiBQMb 7Q` i?2 T?`�b2 `Qr@2+?2HQM 7Q`KX

kX 1t�KTH2 URVX UJ�i`B+2b r?B+? �`2 `Qr@2+?2HQM 7Q`Kb- �M/ i?Qb2 r?B+? �`2 MQiXV

U�V h?2b2 �`2 `Qr@2+?2HQM 7Q`Kb,

BX




1 3 5 7 9 0
0 0 1 2 0 1
0 0 0 1 4 2
0 0 0 0 0 1





BBX




2 3 5 7 9 0
0 0 4 2 0 1
0 0 0 6 4 2
0 0 0 0 0 8





BBBX




1 3 5 7 9 0
0 0 1 2 0 1
0 0 0 1 4 2
0 0 0 0 0 0





BpX




1 3 5 7 9 0
0 0 4 2 0 1
0 0 0 1 4 2
0 0 0 0 0 0





pX




0 1 3 5 7 9
0 0 0 1 2 0
0 0 0 0 1 2
0 0 0 0 0 0





pBX




0 2 3 4 5 6
0 0 0 0 4 8
0 0 0 0 0 0
0 0 0 0 0 0





R
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Mobile User
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Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User
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Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User



U#V h?2b2 �`2 MQi `Qr@2+?2HQM 7Q`Kb,

BX




1 3 5 7 9 0
0 0 0 0 0 0
0 0 0 1 4 2
0 0 0 0 0 1



 BBX




0 1 3 5 7 9
1 0 0 1 2 0
0 0 0 0 1 2
0 0 0 0 0 0



 BBBX




0 0 3 5 7 9
0 0 2 4 6 8
0 0 0 0 0 0
0 0 0 0 0 0





jX .2}MBiBQMX U_2/m+2/ `Qr@2+?2HQM 7Q`KXV
G2i C #2 � (p× q)@K�i`BtX
q2 b�v C Bb b�B/ iQ #2 � `2/m+2/ `Qr@2+?2HQM 7Q`K B7 �M/ QMHv B7 C Bb � `Qr@2+?2HQM 7Q`K �M/ 7m`i?2`KQ`2- i?2
bi�i2K2Mib #2HQr ?QH/,ě

UjV AM 2�+? MQM@x2`Q `Qr- i?2 }`bi UQ` H27i@KQbiV MQM@x2`Q 2Mi`v Bb 1X am+? �M 2Mi`v Bb +�HH2/ � H2�/BM; QM2X
U9V 1�+? H2�/BM; QM2 Bb i?2 QMHv MQM@x2`Q 2Mi`v BM i?2 +QHmKM r?2`2 Bi Bb HQ+�i2/X

oBbm�HBx�iBQMX
am+? � `2/m+2/ `Qr@2+?2HQM 7Q`K C `2�/b HBF2,ě





0 · · · 0 1 " · · · " 0 " · · · " 0 " · · · " 0 " · · · "
0 · · · 0 0 0 · · · 0 1 " · · · " 0 " · · · " 0 " · · · "
0 · · · 0 0 0 · · · 0 0 0 · · · 0 1 " · · · " 0 " · · · "

0 · · · 0 0 0 · · · 0 0 0 · · · 0 0
X X X 0

XXX
XXX

0 · · · 0 0 0 · · · 0 0 0 · · · 0 0 0 · · · 0 1 " · · · "
0 · · · 0 0 0 · · · 0 0 0 · · · 0 0 0 · · · 0 0 0 · · · 0





h?2 x2`Qb iQ i?2 H27i Q7 i?2 H2�/BM; QM2b Q7 i?2 p�`BQmb MQM@x2`Q `Qrb 7Q`K bQK2i?BM; HBF2 � ǵbi�B`+�b2Ƕ Q7 x2`Qb- �M/
i?2 H2�/BM; QM2b 7Q`K bQK2i?BM; HBF2 bi2T@2/;2b Q7 i?Bb ǵbi�B`+�b2ǶX
_2K�`FX h?2 `�MF Q7 i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K C Bb bBKmHi�M2QmbHv

Ç i?2 MmK#2` Q7 MQM@x2`Q `Qrb BM C-
Ç i?2 MmK#2` Q7 H2�/BM; QM2b BM C- �M/
Ç i?2 MmK#2` Q7 TBpQi +QHmKMb BM CX

h?2 TBpQi +QHmKMb Q7 C �`2 i?Qb2 +QHmKMb Q7 C r?B+? +QMi�BM H2�/BM; QM2b Q7 CX
h?2 7`22 +QHmKMb Q7 C �`2 i?Qb2 +QHmKMb Q7 C r?B+? /Q MQi +QMi�BM H2�/BM; QM2b Q7 CX
6m`i?2` `2K�`FX GQQFBM; +�`27mHHv �i i?2 ǵpBbm�HBx�iBQMǶ Q7 i?2 `2/m+2/ `Qr@2+?2HQM 7Q`K C U�M/ �HbQ i?2
+QM+`2i2 2t�KTH2b Q7 `2/m+2/ `Qr@2+?2HQM 7Q`KbV- r2 K�v bmbT2+i BKK2/B�i2Hv i?�i BM �Mv `2/m+2/ `Qr@2+?2HQM
7Q`K,ě

U�V i?2 TBpQi +QHmKMb �`2 HBM2�`Hv BM/2T2M/2Mi-
U#V 2�+? 7`22 +QHmKM Bb � HBM2�` +QK#BM�iBQM Q7 i?2 TBpQi +QHmKMb bi`B+iHv iQ Bib H27i- �M/
U+V i?2 MQM@x2`Q `Qrb �`2 HBM2�`Hv BM/2T2M/2MiX

AM 7�+i- i?Bb Bb �HbQ i?2 +�b2 BM `Qr@2+?2HQM 7Q`KbX >Qr2p2`- �b r2 /Q MQi M22/ i?Bb `2bmHi �i i?2 KQK2Mi- r2 rBHH
QKBi Bi 7Q` MQrX

9X 1t�KTH2 UkVX U_Qr@2+?2HQM 7Q`Kb r?B+? �`2 `2/m+2/ `Qr@2+?2HQM 7Q`Kb- �M/ i?Qb2 r?B+? �`2 MQiVX

U�V h?2b2 �`2 `2/m+2/ `Qr@2+?2HQM 7Q`Kb,

BX




1 3 0 0 9 0
0 0 1 0 0 0
0 0 0 1 4 0
0 0 0 0 0 1



 BBX




1 3 0 0 9 0
0 0 1 0 0 1
0 0 0 1 4 2
0 0 0 0 0 0



 BBBX




0 1 3 0 0 9
0 0 0 1 0 0
0 0 0 0 1 2
0 0 0 0 0 0





U#V h?2b2 �`2 MQi `2/m+2/ `Qr@2+?2HQM 7Q`Kb- /2bTBi2 #2BM; `Qr@2+?2HQM 7Q`Kb,

BX




1 3 0 0 9 0
0 0 1 0 0 1
0 0 0 1 4 2
0 0 0 0 0 1



 BBX




1 3 0 0 9 0
0 0 1 2 0 1
0 0 0 1 4 2
0 0 0 0 0 0



 BBBX




0 1 3 0 0 9
0 0 0 2 0 4
0 0 0 0 3 6
0 0 0 0 0 0





_2K�`FX 1p2`v `2/m+2/ `Qr@2+?2HQM 7Q`K Bb � `Qr@2+?2HQM 7Q`K BM i?2 }`bi TH�+2X A7 � K�i`Bt Bb MQi � `Qr@2+?2HQM
7Q`K- i?2M Bi Bb /2}MBi2Hv MQi � `2/m+2/ `Qr@2+?2HQM 7Q`KX

k
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8X >Qr iQ +?2+F r?2i?2` � ;Bp2M K�i`Bt Bb � `Qr@2+?2HQM 7Q`K- Q` � `2/m+2/ `Qr@2+?2HQM 7Q`K\
amTTQb2 C Bb � K�i`BtX
S`Q+22/BM; �b /2b+`B#2/ #2HQr- r2 +?2+F r?2i?2` C Bb � `Qr@2+?2HQM 7Q`K- �M/ r?2i?2` C Bb � `2/m+2/ `Qr@2+?2HQM
7Q`KX
ai2T URVX AMbT2+i C �M/ �bF,ě

Ab Bi Q7 i?2 7Q`K
[

O C̃
O O

]
7Q` bQK2 K�i`Bt C̃ r?Qb2 (1, 1)@i? 2Mi`v Bb MQM@x2`Q �M/ r?Qb2 H�bi `Qr Bb MQM@x2`Q\

U>2`2 i?2 OǶb bi�M/ 7Q` x2`Q K�i`B+2b Q7 p�`BQmb bBx2bXV

Ç A7 MQ- +QM+Hm/2 i?�i C Bb MQi � `Qr@2+?2HQM 7Q`KX
Ç A7 v2b- ;Q iQ ai2T UkVX

ai2T UkVX AMbT2+i C̃ `Qr #v `Qr- �M/ �bF- 7Q` 2�+? T�B` Q7 +QMb2+miBp2 `Qrb,ě
Ab i?2 }`bi MQM@x2`Q 2Mi`v BM i?2 `Qr �#Qp2 bi`B+iHv iQ i?2 H27i Q7 i?�i BM i?2 `Qr #2HQr Bi\

Ç A7 MQ U7Q` bQK2 T�B` Q7 +QMb2+miBp2 `QrbV- +QM+Hm/2 i?�i C Bb MQi � `Qr@2+?2HQM 7Q`KX

Ç A7 v2b U7Q` 2p2`v T�B` Q7 +QMb2+miBp2 `QrbV- +QM+Hm/2 i?�i C Bb � `Qr 2+?2HQM 7Q`K U�M/ C̃ Bb � `Qr@2+?2HQM 7Q`KV-
�M/ ;Q iQ ai2T UjVX

ai2T UjVX AMbT2+i i?2 `2bT2+iBp2 }`bi MQM@x2`Q 2Mi`B2b BM 2�+? `Qr- �M/ �bF,ě
�`2 i?2b2 2Mi`B2b �HH 1Ƕb\

Ç A7 MQ- +QM+Hm/2 i?�i C Bb MQi � `2/m+2/ `Qr@2+?2HQM 7Q`K U�M/ C̃ Bb � MQi � `2/m+2/ `Qr@2+?2HQM 7Q`KVX
Ç A7 v2b- ;Q iQ ai2T U9VX

ai2T U9VX AMbT2+i i?2 +QHmKMb r?B+? +QMi�BM i?2b2 2Mi`B2b- �M/ �bF,ě

Ab 2�+? Q7 i?2b2 1Ƕb i?2 QMHv MQM@x2`Q 2Mi`v BM i?2 `2bT2+iBp2 +QHmKM BM C̃\

Ç A7 MQ U7Q` bQK2 bm+? +QHmKMV- +QM+Hm/2 i?�i C Bb MQi � `2/m+2/ `Qr@2+?2HQM 7Q`K U�M/ C̃ Bb � MQi � `2/m+2/
`Qr@2+?2HQM 7Q`KVX

Ç A7 v2b U7Q` 2p2`v bm+? +QHmKMV- +QM+Hm/2 i?�i C Bb � `2/m+2/ `Qr@2+?2HQM 7Q`K U�M/ C̃ Bb � `2/m+2/ `Qr@2+?2HQM
7Q`KVX

eX Zm2biBQMX q?v �`2 r2 BMi2`2bi2/ BM `2/m+2/ `Qr@2+?2HQM 7Q`Kb\
�Mbr2`X q2 �`2 BMi2`2bi2/ BM `2/m+2/ `Qr@2+?2HQM 7Q`Kb #2+�mb2 Bi Bb 2�bv iQ `2�/ Qz BM7Q`K�iBQM �#Qmi bQHmiBQMb
Q7 � bvbi2K Q7 HBM2�` 2[m�iBQMb r?2M Bib �m;K2Mi2/ K�i`Bt `2T`2b2Mi�iBQM Bb � `2/m+2/ `Qr@2+?2HQM 7Q`KX hQ #2
KQ`2 /2i�BH2/,ě

Ç Ai Bb 2�bv iQ `2�/ Qz 7`QK i?2 K�i`Bt r?2i?2` i?2 bvbi2K Bb +QMbBbi2MiX
Ç A7 Bi Bb +QMbBbi2Mi- Bi Bb 2�bv iQ `2�/ Qz 7`QK i?2 K�i`Bt �HH bQHmiBQMb Q7 i?2 bvbi2KX
Ç h?2 K�i`Bt Bib2H7 bm;;2bib ?Qr iQ T`2b2Mi �HH bQHmiBQMb BM � bvbi2K�iB+ �M/ 2+QMQKB+ r�v- �b HBM2�` +QK#BM�iBQMb

Q7 � 72r HBM2�`Hv BM/2T2M/2Mi +QHmKM p2+iQ`b r?Qb2 2Mi`B2b +�M #2 `2�/ Qz 7`QK i?2 K�i`BtX

dX 1t�KTH2 UjVX UJQiBp�iBQM �M/ BHHmbi`�iBQM 7Q` i?2 +QMi2Mi Q7 h?2Q`2K URV �M/ h?2Q`2K UkVXV

U�V G2i C =




1 0 0 0 1
0 1 0 0 2
0 0 1 0 3
0 0 0 1 4



X

LQi2 i?�i C Bb � `2/m+2/ `Qr@2+?2HQM 7Q`K- rBi?,ě
Ç 1@bi- 2@M/- 3@`/- 4@i? +QHmKMb �b TBpQi +QHmKMb- �M/
Ç 5@i? +QHmKM �b Bib UQMHvV 7`22 +QHmKMX

C Bb i?2 �m;K2Mi2/ K�i`Bt `2T`2b2Mi�iBQM Q7 i?2 bvbi2K LS(A, b)- BM r?B+?

A =




1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1



, b =




1
2
3
4



.
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Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User

Mobile User
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q?2M Bi Bb r`Bii2M Qmi 2tTHB+BiHv �b bBKmHi�M2Qmb 2[m�iBQMb U7Q` MmK#2`bV r?Qb2 `2bT2+iBp2 mMFMQrMb �`2
x1, x2, x3, x4- Bi `2�/b,ě






x1 = 1
x2 = 2

x3 = 3
x4 = 4

Ai 7QHHQrb i?�i i?2 bvbi2K LS(A, b) ?�b QM2 �M/ QMHv bQHmiBQM- M�K2Hv




x1
x2
x3
x4



 =




1
2
3
4



X

>2M+2 LS(A, b) Bb +QMbBbi2MiX

U#V G2i C =




1 3 0 0 9 0
0 0 1 0 0 0
0 0 0 1 4 0
0 0 0 0 0 1



X

LQi2 i?�i C Bb � `2/m+2/ `Qr@2+?2HQM 7Q`K- rBi?,ě
Ç 1@bi- 3@`/- 4@i?- 6@i? +QHmKMb �b TBpQi +QHmKMb- �M/
Ç 2@M/- 5@i? +QHmKMb �b 7`22 +QHmKMbX

C Bb i?2 �m;K2Mi2/ K�i`Bt `2T`2b2Mi�iBQM Q7 i?2 bvbi2K LS(A, b)- BM r?B+?

A =




1 3 0 0 9
0 0 1 0 0
0 0 0 1 4
0 0 0 0 0



, b =




0
0
0
1



.

q?2M Bi Bb r`Bii2M Qmi 2tTHB+BiHv �b bBKmHi�M2Qmb 2[m�iBQMb U7Q` MmK#2`bV r?Qb2 `2bT2+iBp2 mMFMQrMb �`2
x1, x2, x3, x4, x5- i?2 7Qm`i? 2[m�iBQM `2�/b,ě

0 · x1 + 0 · x2 + 0 · x3 + 0 · x4 + 0 · x5 = 1,

7`QK r?B+? MQ 2[m�HBiv rBHH #2 vB2H/2/ MQ K�ii2` r?�i MmK#2`b �`2 bm#biBimi2/ BMiQ i?2 mMFMQrMbX
Ai 7QHHQrb i?�i i?2 bvbi2K LS(A, b) Bb BM+QMbBbi2MiX

U+V G2i C =




1 3 0 0 9 0
0 0 1 0 0 1
0 0 0 1 4 2
0 0 0 0 0 0



X

LQi2 i?�i C Bb � `2/m+2/ `Qr@2+?2HQM 7Q`K- rBi?,ě
Ç 1@bi- 3@`/- 4@i? +QHmKMb �b TBpQi +QHmKMb- �M/
Ç 2@M/- 5@i?- 6@i? +QHmKMb �b 7`22 +QHmKMbX

C Bb i?2 �m;K2Mi2/ K�i`Bt `2T`2b2Mi�iBQM Q7 i?2 bvbi2K LS(A, b)- BM r?B+?

A =




1 3 0 0 9
0 0 1 0 0
0 0 0 1 4
0 0 0 0 0



, b =




0
1
2
0



.

BX q2 r`Bi2 Qmi i?2 bvbi2K 2tTHB+BiHv �b bBKmHi�M2Qmb 2[m�iBQMb U7Q` MmK#2`bV r?Qb2 `2bT2+iBp2 mMFMQrMb
�`2 x1, x2, x3, x4, x5X Ai `2�/b,ě






x1 + 3x2 + 9x5 = 0
x3 = 1

x4 + 4x5 = 2
0 = 0

BBX 6`QK i?2b2 2[m�iBQMb- r2 b22 i?�i � bm#biBimiBQM Q7 ǵx2 = 0- x5 = 0Ƕ �M/ ǵx1 = 0- x3 = 1- x4 = 2Ƕ vB2H/
2[m�HBiB2b 2p2`vr?2`2X

Ai 7QHHQrb i?�i





0
0
1
2
0



 Bb � bQHmiBQM Q7 LS(A, b)X

>2M+2 LS(A, b) Bb +QMbBbi2MiX
BBBX q2 MQr T`2T�`2 iQ `2�/ Qz �HH bQHmiBQMb Q7 LS(A, b),ě

Ç r2 }`bi B;MQ`2 i?2 2[m�iBQM ǵ0 = 0Ƕ Ur?B+? T`QpB/2b MQ BM7Q`K�iBQMV- �M/
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Ç r2 i?2M `2r`Bi2 i?2 `2K�BMBM; 2[m�iBQMb �b � +QHH2+iBQM Q7 i?`22 bBKmHi�M2Qmb ǵ`2H�iBQMbǶ- r?B+? ǵ`2H�i2Ƕ
2�+? mMFMQrM rBi? x2, x5 �HQM2,ě

(S)






x1 = −3x2 −9x5

x3 = 1
x4 = 2 −4x5

LQr- `2+�HHBM; i?2 /2}MBiBQMb 7Q` p2+iQ` 2[m�HBiv- p2+iQ` �//BiBQM �M/ b+�H�` KmHiBTHB+�iBQM- r2 `2@r`Bi2 (S)
�b,ě

(S′)





x1
x2
x3
x4
x5



 =





0
0
1
2
0



+ x2





−3
1
0
0
0



+ x5





−9
0
0
−4
1





_2K2K#2` (S′) Bb LS(A, b) BM /Bb;mBb2X
BpX q2 �`2 MQr `2�/v iQ `2�/ Qz �HH bQHmiBQMb Q7 LS(A, b)X

LQi2 i?�i (S′) BM7Q`Kb mb Q7 irQ i?BM;b,ě
�X A7 t Bb � bQHmiBQM Q7 LS(A, b) i?2M

t =





0
0
1
2
0



+ u





−3
1
0
0
0



+ v





−9
0
0
−4
1



 7Q` bQK2 MmK#2`b u, vX

"X A7

t =





0
0
1
2
0



+ u





−3
1
0
0
0



+ v





−9
0
0
−4
1



 7Q` bQK2 MmK#2`b u, v-

i?2M t Bb � bQHmiBQM Q7 LS(A, b)X
aQ Bi 7QHHQrb i?�i � 7mHH /2b+`BTiBQM Q7 �HH bQHmiBQMb Q7 LS(A, b) Bb ;Bp2M #v,ě
Ç t Bb � bQHmiBQM Q7 LS(A, b) B7 �M/ QMHv B7

i?2`2 �`2 bQK2 MmK#2`b u, v bm+? i?�i t =





0
0
1
2
0



+ u





−3
1
0
0
0



+ v





−9
0
0
−4
1



X

pX q2 7m`i?2` Q#b2`p2 i?�i i?2 +QHmKM p2+iQ`b +QMbi`m+i2/ rBi? i?2 2Mi`B2b Q7 i?2 MQM@H�bi 7`22 +QHmKMb Q7 C

BM i?Bb T`Q+2bb- M�K2Hv-





−3
1
0
0
0



,





−9
0
0
−4
1



- �`2 HBM2�`Hv BM/2T2M/2MiX CmbiB}+�iBQM,ě

Ç G2i α1,α2 #2 `2�H MmK#2`bX amTTQb2 α1





−3
1
0
0
0



+ α2





−9
0
0
−4
1



 = 05X

h?2M





−3α1 − 9α2
α1
0

−4α2
α2



 = α1





−3
1
0
0
0



+ α2





−9
0
0
−4
1



 = 05X

"v i?2 /2}MBiBQM Q7 K�i`Bt 2[m�HBiv- r2 ?�p2 α1 = 0 �M/ α2 = 0X

3X h?2Q`2K URVX
G2i A #2 �M (m× n)@K�i`Bt- �M/ b #2 � +QHmKM p2+iQ` rBi? m 2Mi`B2bX
.2MQi2 #v C i?2 �m;K2Mi2/ K�i`Bt `2T`2b2Mi�iBQM Q7 LS(A, b)X UaQ C = [ A b ]XV
amTTQb2 C Bb � `2/m+2/ `Qr@2+?2HQM 7Q`K rBi? `�MF rX
h?2M i?2 2Mi`B2b Q7 A- b #2M2�i? i?2 `2bT2+iBp2 r@i? `Qrb �`2 �HH 0X
JQ`2Qp2`- i?2 bi�i2K2Mib #2HQr �`2 HQ;B+�HHv 2[mBp�H2Mi,ě

U�V LS(A, b) Bb +QMbBbi2MiX
U#V h?2 H�bi +QHmKM Q7 C Bb � 7`22 +QHmKMX
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U+V LQ `Qr Q7 C `2�/b [ 0 0 · · · 0 0 1 ]X

NX h?2Q`2K UkVX U6mHH /2b+`BTiBQM Q7 bQHmiBQMb 7Q` � +QMbBbi2Mi bvbi2K rBi? �m;K2Mi2/ K�i`Bt `2T`2b2M@
i�iBQM #2BM; � `2/m+2/ `Qr@2+?2HQM 7Q`KXV
G2i A #2 �M (m× n)@K�i`Bt- �M/ b #2 � +QHmKM p2+iQ` rBi? m 2Mi`B2bX
.2MQi2 #v C i?2 �m;K2Mi2/ K�i`Bt `2T`2b2Mi�iBQM Q7 LS(A, b)X UaQ C = [ A b ]XV
amTTQb2 C Bb � `2/m+2/ `Qr@2+?2HQM 7Q`K rBi? r H2�/BM; QM2b-

Ç r?Qb2 TBpQi +QHmKMb- 7`QK H27i iQ `B;?i- �`2 i?2 d1@i?- d2@i?- XXX- dr@i? +QHmKMb- �M/
Ç r?Qb2 7`22 +QHmKMb- 7`QK H27i iQ `B;?i- �`2 i?2 f1@i?- f2@i?- XXX- fn−r@i?- fn+1−r@i? +QHmKMbX

�HbQ bmTTQb2 d1 = 1X
amTTQb2 LS(A, b) Bb +QMbBbi2MiX
h?2M i?2 bi�i2K2Mib #2HQr ?QH/,ě

U�V r ≤ nX
U#V h?2 f(n+1−r)@i? +QHmKM Q7 C Bb i?2 H�bi +QHmKM Q7 C- M�K2Hv- bX
U+V .2MQi2 i?2 iQT r 2Mi`B2b Q7 b #v b1, b2, · · · , br- 7`QK i?2 iQT /QrMr�`/bX

.2MQi2 #v p i?2 +QHmKM p2+iQ` rBi? n 2Mi`B2b BM r?B+?,ě
Ç i?2 d1@i?- d2@i?- XXX- dr@i? 2Mi`B2b �`2 b1, b2, · · · , br `2bT2+iBp2Hv- �M/
Ç �HH Qi?2` 2Mi`B2b �`2 0X

h?2M p Bb � UT�`iB+mH�`V bQHmiBQM Q7 LS(A, b)X
U/V amTTQb2 r = nX

UaQ i?2`2 Bb MQ 7`22 +QHmKM BM C Qi?2` i?�M i?2 H�bi +QHmKM Q7 CXV
h?2M p Bb i?2 QM2 �M/ QMHv QM2 bQHmiBQM Q7 LS(A, b)X

U2V amTTQb2 r < n UBMbi2�/ Q7 bmTTQbBM; ǵr = nǶVX
UaQ bQK2 Qi?2` +QHmKM BM C Qi?2` i?�M i?2 H�bi +QHmKM Q7 C Bb � 7`22 +QHmKMXV
6Q` 2�+? $ = 1, 2, · · · , n − r- /2MQi2 i?2 iQT r 2Mi`B2b Q7 i?2 f!@i? +QHmKM #v α1!,α2!, · · · ,αr!- 7`QK i?2 iQT
/QrMr�`/bX
6m`i?2` /2MQi2 #v q! i?2 +QHmKM p2+iQ` rBi? n 2Mi`B2b- BM r?B+?,ě

Ç i?2 d1@i?- d2@i?- XXX- dr@i? 2Mi`B2b �`2 −α1!,−α2!, · · · ,−αr!-
Ç i?2 f!@i? 2Mi`v Bb 1- �M/
Ç �HH Qi?2` 2Mi`B2b �`2 0X

h?2M i?2 bi�i2K2Mib #2HQr ?QH/,ě
BX h?2 +QHmKM p2+iQ`b q1,q2, · · · ,qn−r �`2 HBM2�`Hv BM/2T2M/2MiX
BBX amTTQb2 t Bb � +QHmKM p2+iQ` rBi? n 2Mi`B2bX

h?2M t Bb � bQHmiBQM Q7 LS(A, b) B7 �M/ QMHv B7
i?2`2 �`2 bQK2 MmK#2`b u1, u2, · · · , un−r bm+? i?�i t = p+ u1q1 + u2q2 + · · ·+ un−rqn−rX

BBBX h?2 bvbi2K LS(A, b) ?�b /BbiBM+i bQHmiBQMbX

_2K�`FX q2 QKBi i?2 �`;mK2Mi 7Q` h?2Q`2K URV �M/ h?2Q`2K UkV- �b i?Bb Bb QMHv � i2/BQmb 2t2`+Bb2 BM #QQF@
F22TBM;X
AM i2`Kb Q7 i?2 bvK#QHb BM i?2 bi�i2K2Mi Q7 h?2Q`2K UkV- i?2 +QM+HmbBQM Q7 h?2Q`2K UkV BM7Q`Kb mb QM ?Qr iQ `2�/
Qz �HH bQHmiBQMb Q7 LS(A, b) BM +QM+`2i2 bBim�iBQMb,ě

Ç qBi? i?2 `2bT2+iBp2 mMFMQrMb x1, x2, · · · , xn /BbTH�v2/ 2tTHB+BiHv- r2 K�v `2@r`Bi2 i?2 bvbi2K �b i?2 +QHH2+iBQM
Q7 r bBKmHi�M2Qmb ǵ`2H�iBQMbǶ- `2H�iBM; 2�+? mMFMQrM rBi? xf1 , xf2 , · · · , xn−r �HQM2,ě

(S) :






xd1 = b1 − α11xf1 − α12xf2 − α13xf3 − · · · − α1,n−rxfn−r

xd2 = b2 − α21xf1 − α22xf2 − α23xf3 − · · · − α2,n−rxfn−r

xd3 = b3 − α31xf1 − α32xf2 − α33xf3 − · · · − α3,n−rxfn−r

XXX
xdr = br − αr1xf1 − αr2xf2 − αr3xf3 − · · · − αr,n−rxfn−r

AM 7�+i αk! = 0 r?2M2p2` k > $ U#2+�mb2 C Bb � `2/m+2/ `Qr@2+?2HQM 7Q`KVX aQ 2p2M ?2`2 i?2`2 �`2 � HQi Q7 0ǶbX

e
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LQr 7m`i?2` mbBM; i?2 /2}MBiBQMb 7Q` p2+iQ` 2[m�HBiv- p2+iQ` �//BiBQM �M/ b+�H�` KmHiBTHB+�iBQM- r2 `2@r`Bi2 (S)
�b,ě

(S′) :





x1
x2
x3
XXX
xn




= p+ xf1q1 + xf2q2 + xf3q3 + · · ·+ xfn−rqn−r

Ai Bb i?2 `2@2tT`2bbBQM Q7 LS(A, b) �b (S′) r?B+? i2HHb mb ?Qr iQ T`2b2Mi �HH bQHmiBQMb Q7 LS(A, b) BM � bvbi2K�iB+
�M/ 2+QMQKB+ r�v- �b HBM2�` +QK#BM�iBQMb Q7 b2p2`�H HBM2�`Hv BM/2T2M/2Mi +QHmKM p2+iQ`b r?Qb2 2Mi`B2b �`2 `2�/
Qz 7`QK CX

RyX h?2Q`2K URV �M/ h?2Q`2K UkV +Qp2` �HH bvbi2Kb Q7 HBM2�` 2[m�iBQMb- r?2i?2` ?QKQ;2M2Qmb Q` MQM@?QKQ;2M2QmbX
>Qr2p2`- 7Q` � ?QKQ;2M2Qmb bvbi2K- r2 QMHv M22/ iQ 7Q+mb QM Bib +Q2{+B2Mi K�i`BtX
h?2Q`2K UjVX
G2i A #2 �M (m×n)@K�i`Bt- �M/ C #2 i?2 �m;K2Mi2/ K�i`Bt `2T`2b2Mi�iBQM Q7 i?2 ?QKQ;2M2Qmb bvbi2K LS(A, 0m)X
amTTQb2 A Bb � `2/m+2/ `Qr@2+?2HQM 7Q`K r?Qb2 }`bi +QHmKM Bb � TBpQi +QHmKM �M/ r?B+? ?�b r H2�/BM; QM2bX
h?2M C Bb � `2/m+2/ `Qr@2+?2HQM 7Q`K r?Qb2 }`bi +QHmKM Bb � TBpQi +QHmKM �M/ r?B+? ?�b r H2�/BM; QM2bX
JQ`2Qp2`,ě
U�V LS(A, 0m) Bb +QMbBbi2Mi- rBi? 0n #2BM; � bQHmiBQM Q7 i?2 bvbi2KX
U#V h?2 BM2[m�HBiv r ≤ n ?QH/bX
U+V BX A7 r = n i?2M 0n Bb i?2 QM2 �M/ QMHv QM2 bQHmiBQM Q7 LS(A, 0m)X

BBX A7 r < n i?2M LS(A, b) ?�b /BbiBM+i bQHmiBQMb- �M/ BM T�`iB+mH�`- bQK2 MQM@i`BpB�H bQHmiBQMX

S`QQ7 Q7 h?2Q`2K UjVX 1t2`+Bb2X U>Qr A �M/ C `2H�i2 rBi? 2�+? Qi?2` Bb � ;�K2 Q7 rQ`/b QM /2}MBiBQMbX h?2
`2bi Q7 i?2 `2bmHi 7QHHQrb 7`QK h?2Q`2K UkVXV

RRX 1t�KTH2 U9VX UAHHmbi`�iBQM QM i?2 +QMi2Mi Q7 h?2Q`2K UjVXV

U�V G2i A =





1 2 0 0 0 3 0 −2
0 0 1 0 0 5 0 −3
0 0 0 1 0 7 0 8
0 0 0 0 1 9 0 6
0 0 0 0 0 0 1 4



X

LQi2 i?�i A Bb � `2/m+2/ `Qr@2+?2HQM 7Q`K- rBi?,ě
Ç 1@bi- 3@`/- 4@i?- 5@i?- 7@i? +QHmKMb �b TBpQi +QHmKMb- �M/
Ç 2@M/- 6@i?- 8@i? +QHmKMb �b 7`22 +QHmKMbX

A Bb i?2 +Q2{+B2Mi K�i`Bt Q7 i?2 ?QKQ;2M2Qmb bvbi2K LS(A, 05)X
q2 r`Bi2 Qmi i?2 bvbi2K 2tTHB+BiHv �b bBKmHi�M2Qmb 2[m�iBQMb U7Q` MmK#2`bV r?Qb2 `2bT2+iBp2 mMFMQrMb �`2
x1, x2, · · · , x8X Ai `2�/b,ě






x1 + 2x2 + 3x6 − 2x8 = 0
x3 + 5x6 − 3x8 = 0

x4 + 7x6 + 8x8 = 0
x5 + 9x6 + 6x8 = 0

x7 + 4x8 = 0

hQ b22 ?Qr iQ `2�/ Qz �HH bQHmiBQMb Q7 LS(A, 05)- r2 `2r`Bi2 i?2 2[m�iBQMb �b � +QHH2+iBQM Q7 i?`22 bBKmHi�M2Qmb
ǵ`2H�iBQMbǶ- r?B+? ǵ`2H�i2Ƕ 2�+? mMFMQrM rBi? x2, x6, x8 �HQM2,ě






x1 = −2x2 −3x6 +2x8

x3 = −5x6 +3x8

x4 = −7x6 −8x8

x5 = −9x6 −6x8

x7 = −4x8

LQr- mbBM; i?2 /2}MBiBQMb 7Q` p2+iQ` 2[m�HBiv- p2+iQ` �//BiBQM �M/ b+�H�` KmHiBTHB+�iBQM- r2 `2@r`Bi2 i?2b2
`2H�iBQMb �b,ě 



x1
x2
x3
x4
x5
x6
x7
x8




= x2





−2
1
0
0
0
0
0
0




+ x6





−3
0
−5
−7
−9
1
0
0




+ x8





2
0
3
−8
−6
0
1
−4




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Ai 7QHHQrb i?�i � 7mHH /2b+`BTiBQM Q7 �HH bQHmiBQMb Q7 LS(A, 05) Bb ;Bp2M #v,ě
Ç t Bb � bQHmiBQM Q7 LS(A, 05) B7 �M/ QMHv B7

i?2`2 �`2 bQK2 MmK#2`b u, v, w bm+? i?�i t = u





−2
1
0
0
0
0
0
0




+ v





−3
0
−5
−7
−9
1
0
0




+ w





2
0
3
−8
−6
0
1
−4




X

q2 MQi2 i?�i i?2 +QHmKM p2+iQ`b +QMbi`m+i2/ rBi? i?2 2Mi`B2b Q7 i?2 7`22 +QHmKMb Q7 A BM i?Bb T`Q+2bb- M�K2Hv-




−2
1
0
0
0
0
0
0




,





−3
0
−5
−7
−9
1
0
0




,





2
0
3
−8
−6
0
1
−4




�`2 HBM2�`Hv BM/2T2M/2MiX

U#V G2i A =





1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0



X

LQi2 i?�i A Bb � `2/m+2/ `Qr@2+?2HQM 7Q`K- rBi? 2p2`v +QHmKM #2BM; � TBpQi +QHmKMX
A Bb i?2 +Q2{+B2Mi K�i`Bt Q7 i?2 ?QKQ;2M2Qmb bvbi2K LS(A, 04)X
q2 r`Bi2 Qmi i?2 bvbi2K 2tTHB+BiHv �b bBKmHi�M2Qmb 2[m�iBQMb U7Q` MmK#2`bV r?Qb2 `2bT2+iBp2 mMFMQrMb �`2
x1, x2, x3, x4X Ai `2�/b,ě






x1 = 0
x2 = 0

x3 = 0
x4 = 0
0 = 0

h?Bb i2HHb mb i?�i i?2 x2`Q p2+iQ` 04 Bb i?2 QM2 �M/ QMHv QM2 bQHmiBQM Q7 i?2 bvbi2K LS(A, 05)X
h?2 ?QKQ;2M2Qmb bvbi2K LS(A, 05) ?�b MQ MQM@i`BpB�H bQHmiBQMX
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